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Abstract. We prove some pinching results for the extrinsic ra- 
dius of compact hypersurfaces in space forms. In the hyperbolic 
space, we show that if the volume of M is 1, then there exists a 
constant C depending on the dimension of M and the L°°-norm of 
the second fundamental form B such that the pinching condition 

tanh(i?) < rrjjh h C (where H is the mean curvature) implies 

that M is diffeomorphic to an n-dimensional sphere. We prove the 
corresponding result for hypersurfaces of the Euclidean space and 
the sphere with the L p -norm of H , p > 2, instead of the _L°°-norm. 
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1. Introduction 

Let (M n , g) be a compact, connected and oriented n-dimensional Rie- 
mannian manifold without boundary isometrically immersed by (ft into 
the (n+ l)-dimensional simply connected space- form (M n+1 (<5), g can ) of 
sectional curvature S with n > 2. First, let us recall the definition of 
the extrinsic radius of M. 

Definition 1.1. The extrinsic radius of(M,g) is the number 

R = R(M) = inf {r > 0| 3x E M n+1 (5) s.t. (ft(M) C B(x,r)} , 
where B(x,r) is the open ball of center x and radius r in M n+1 (<5). 

Throughout this paper, we denote respectively by B(x,r), B(x,r) 
and S(x, r) the open ball, the closed ball and the sphere of center x 
and radius r in M n+1 (<5). An immediate consequence of the above 
definition is that there exists p G M n+1 (5) such that (ft(M) C B(p , R) 
and (ft{M) n S(po, R) ^ 0. Moreover, it is a well-known fact that the 
extrinsic radius is bounded from below in terms of the mean curvature. 
More precisely, we have the following estimate due to Hasanis and 
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Koutroufiotis ([HJj) for S = and Baikoussis and Koufogiorgos (j2J) for 
any 5 

(i) t*0R) > 



]H\ 

where ts is the function defined in Section 121 and H the mean curvature 
of the immersion. Note that for 5 > 0, the image 4>(M) is assumed to be 
contained in a ball of radius less than that is an open hemisphere. 
Moreover, equality in is characterized by geodesic hyperspheres. 

A natural question is the following: Is there a constant C, depending 
on a minimal number of geometric invariants, such that if we have the 
pinching condition 

(Pc) ts(R)<—?— + C, 

II-" I loo 

then M is closed, in a certain sense, to a sphere? 

Many pinching results are known for geometric invariants defined on 
Riemannian manifolds with positive Ricci curvature, as the intrinsic 
diameter (0 HH1 EH]), the volume, the radius (0 El) or the intrinsic 
lower bound of Lichnerowicz-Obata of the first nonzero eigenvalue of 
the Laplacian in terms of lower bounds of the Ricci curvature ( [HI 

hei). 

For instance, concerning the intrinsic diameter, under the hypothesis 
that (M n ,g) is a complete Riemannian manifold with Ric > n — 1, 
Myers gave the well-known upper bound 

diam(M n ,g) < diam(§ n , can) = vr. 

In particular, M is a compact manifold. 

S. Ilias proved in ^5] that there exists an e depending on n and 
an upper bound of the sectional curvature so that if Ric > n — 1 and 
diam(M) > 7r — e, then M is homeomorphic to S n . 

Petersen and Sprouse gave in J7j a generalization of the Theorem of 
Myers with a less restrictive assumption on the Ricci curvature. They 
assume that Ric is almost bounded from below by n — 1 in an L p -sense. 
Then under this hypothesis, diam(M n , g) < n + e. 

With a similar hypothesis on the Ricci curvature, E. Aubry ([1, 
Theorem 5.24) proved that if diam(M™, g) > n — e for e small enough 
depending on an upper bound of the sectional curvature, then M n is 
homeomorphic to § n . 

In this paper, the hypothesis on the Ricci curvature is replaced by 
the fact that M is isometrically immersed in a standard space form. 
Moreover, as we will see, the upper bound of the sectional curvature 
will be replaced by the L°°-norm of the mean curvature or that of 
the second fundamental form. Recently, under the hypothesis that M 
is isometrically immersed in the Euclidean space, Colbois and Gros- 
jean (see j3]) proved a pinching result on the first eigenvalue of the 
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Laplacian. More precisely, they proved that there exists a constant 
C depending on n and the L°°-norm of the second fundamental form 
such that if y^y/p 11-^1 lip ~ C < Ai(M), then M is diffeomorphic to 
an n-dimensional sphere. 

We keep on with studying hypersurfaces where little is known about 
pinching results. Indeed, we give pinching results for the extrinsic ra- 
dius, which is the extrinsic analogue to the diameter, for hypersurfaces 
of the Euclidean space and hypersurfaces of the sphere and the hyper- 
bolic space too. 

For more convenience, we denote by M. (n, 5, R) the set of all compact, 
connected and oriented n-dimensional Riemannian manifolds without 
boundary isometrically immersed into M n+1 (<5) of extrinsic radius R 
and volume equal to 1. In the case 5 > 0, we assume that M lies in an 
open hemisphere of § n+1 (5). 

Theorem 1. Let (M n ,g) E A4(n,6,R) and let p be the center of 
the ball of radius R containing M. Then for any e > 0, there exists 
a constant C £ depending only on n, 5 and the L°°-norm of the mean 
curvature such that if 

(PcJ t s (R) < + C £ 

ii-" Hoc 

then 

i) 4>(M)cB(p ,R)\B( Po ,R-e). 

a) Vx g s(po, r), b(x,e) n0(M) ^ 0. 

Remark. We will see in the proof that C £ — > when ||-H"||oo — ► °o 
or £ — > 0. 

We recall that the Haussdorff-distance between two compact sub- 
sets A and B of a metric space is given by 

d H (A,B) = inf {rj\ B C V V (A) and A C V V (B)} 

where for any subset A, V V (A) is the tubular neighborhood of A defined 
by V V (A) = |x| dist(a;, A) < r]}. So the points i) and ii) of Theorems 
pimply that 

d H {M,S(p ,R))<e. 
If the pinching condition is strong enough, with a control on the 
L°°-norm of the second fundamental form instead of the L°°-norm of 
the mean curvature, we obtain that M is diffeomorphic to a sphere and 
almost isometric to a geodesic sphere in the following sense: 

Theorem 2. Let (M n ,g) E Ai(n,S,R) and let po be the center of 
the ball of radius R containing M. Then there exists a constant C 
depending only on n, 5 and the L°°-norm of the second fundamental 
form such that if (Pc) is true, then M is diffeomorphic to S(po,R). 
More preciesly, there exists a diffeomorphism F from M into the 
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geodesic hypersphere S(j)q, R) of radius R which is a quasi-isometry. 
That is, for all 9 g]0, 1[, there exists a constant C depending on n, 5, 
H-Blloo and 9 such that the pinching condition (P c ) implies 

\\dF x (u)\ 2 - l\ <9, 

for all unit vector u G T X M. 

Remark. In the two above Theorems, we assume that V(M,g) = 1. 
By homothety, we can deduce the same results for manifolds with ar- 
bitrary volume. Indeed, (M, g') G M(n,5',R'), with g' = V(M)~ 2 / n g, 
5' = V{Mf/ n 5 and R' = V{M)- 1 l n R. 

We will see in Section El that in the case S > 0, Inequality ((TJ) can be 
improved by replacing ||-f^||oo by ||-H"||2p (s ee Proposition 12. 2|) . More- 



over, the equality is also caracterized by geodesic hyperspheres. There- 
fore, we can consider the corresponding pinching problem. Theorems 
El and El give the analogue of Theorems ^ and El for this integral lower 
bound. 

Acknowledgement. The author would like to thank Jean-Frangois 
Grosjean and Oussama Hijazi for their support. 

2. Preliminaries 

First, let us introduce the following functions: 

( -^sm(VSt) if 5 > 

s s (t) = \ t if 5 = 

\ -^smh(^t) if<5<0 

and 

cos (y/5t) if <5 > 

c s (t) = I 1 if 5 = 

{ cosh( v / ^5t) if 5 < 
We can easily check that cj + 8s 2 - = 1, s' s = c$ and c' s = —Sss- 

Moreover, we define the function t$ = — which satisfies t' s = 1 + 5t$. 

cs 

Throughout this paper, we consider a Riemannian manifold (M n ,g) 
of Ai(n,5, R). The second fundamental form B of the immersion is 
defined by 

B{X,Y) = (V x v,Y) , 

where < •, • > and V are respectively the Riemannian metric and 
the Riemannian connection of M n+1 (5). The mean curvature of the 
immersion is 

H = -tr (B). 

n 

For any p G M n+1 (5) let exp po be the exponential map at this point. 
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We consider (xi)i<i< n +i the normal coordinates of M n+1 (5) centered at 
p . For x G M n+1 (<5), we denote by r(x) = d(p , x) the geodesic distance 
from p to x on (M n+1 (5) 2 g can ). 

In what follows, V and V will be respectively the gradients associated 
to (M,g) and (M n+1 (5), g can ). The corresponding Laplacians are A 
and A. The coordinates of Z :— ss{r)Vr in the normal frame are 

( ^^-Xi ] . We denote by X T the projection of a vector field X 

\ r / l<i<n+l 

on the tangent bundle of <p(M). 

Now let's recall some properties of the exponential map. First, exp po 
is a radial isometry, i.e., for each x G M n+1 (<5), we have 

(2) ((dexpjxpf), (dex Ppo ) x (v)) x = (X,v) po , 

where X = exp po _1 (a;) and v G T P0 M. n+1 (5). On the other hand, we 
have the following equalities (see Corollary 2.8 and Lemma 2.9 pl53 in 
[IBJ). If v is a vector of T x M. n+1 (6) orthogonal to Vr, we have 

2 ^ 

( 3 ) \( dex Ppo~ 1 ) l A v Ko = ^j\ v ^ 

and 

(4) (V v Vr,v) = ^f\\vf. 

s s (r) 

Moreover, Vr is in the kernel of Vdr. In particular, for any 

v G T x M n+1 (5), 

(5) < Vv r Vr, u) = < V^ Vr, Vr) = 0. 

Finally, we give the following lemma (see ^T] or [Oj for a proof): 
Lemma 2.1. div (Z T ) = ncs(r) + nH (Z, v) , 



M 



g(Z T ,Z T )dv g >n [ ( 
Jm v 



ii) 5 I g{Z 1 \Z 1 )dv 9 > n I (c 2 s (r) - \H\c s {r)s s (r))dv 



- y i 



Remark. Note that, after integration, the first point in the case 5 = 
is nothing else but the Hsiung-Minkowski formula (see [Ej). 

From this Lemma, we deduce the following estimates for the ex- 
trinsic radius in the case 5 > 0. 

Proposition 2.2. Let (M n ,g) be a compact, connected and oriented n- 
dimensional Riemannian manifold without boundary isometrically im- 
mersed by cf) into IR n+1 or an open hemisphere of§> n+1 (5). Then the 
extrinsic radius R of M satisfies 

V(M) 1/p 



ts(R) > 



\H\ 



v 



for any p > 1. Moreover, equality holds if and only if (M n ,g) is a 
geodesic hypersphere of radius R. 
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Proof: After integration, the first point of Lemma \2. II gives 



cs(r)dv g < / \H\s s (r)dv g . 

M J M 

Since s$ is an increasing function and c$ is a decreasing function, we 

get 

c s (R)V(M)<s s (R)\\H\\ 1 . 

The Holder inequality gives the result for any L p -norm. Obviously, if 
(M n ,g) is a geodesic hypersphere of radius R, then we have equality 
Conversly, if equality holds, then 



c 5 (r)dv g = c 5 (R)V(M), 



M 



which implies that r = R and (M n ,g) is a geodesic hypersphere of 
radius R. □ 



We have the following pinching results corresponding to this inequality. 

Theorem 3. Let (M n ,g) E M{n,5,R) with 5 > and let p be the 
center of the ball of radius R containing M. Let p > 1. Then for 
any e > 0, there exists a constant C £ depending only on n, 5 and the 
L°°-norm of the mean curvature such that if 

(PcJ t s {R)<--^-- + C e 

\\n | bp 

then 

i) 4>(M)cB(p ,R)\B(po,R -e). 

ii) Vz 6 3(po,R), B(x,s) H0(M) ^ 0. 

Theorem 4. Let (M n ,g) E M(n,S,R) with 5 > and let p be the 
center of the ball of radius R containing M. Let p > 1. Then there 
exists a constant C depending only on n, 5 and the L^-norm of the 
second fundamental form such that if 

(Pc) U(R) < TT -± r + C 

then M is diffeomorphic and quasi-isometric to S(po, R) in the sense 
of Theorem^ 

Remark. In the case 5 > 0, Theorems Q and El are just corollaries of 
the two above theorems since if V(M) = 1, ||-ff||oo > I \H\ \2 P - 

3. An L 2 -approach to pinching 

A first step in the proof of the pinching results is to prove that the 
pinching condition (Pc) in the three cases, or (Pc), in the Euclidean or 
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spherical case implies that M is close to a hypersphere in an L 2 -sense. 
For this, let's consider the functions (p and if) defmied by 

tj(R)-tj(r) if 5<0, 



(p(r) 

and 



sj(R) ~ s 2 s (r) if 5>0 



if) if) = c s (r)\Z |. 



3.1. The Hyperbolic case. In this section, we suppose 5 < 0. Note 
that if the pinching constant C satisfies 

(6) ^G/b-MuM 1 ^ 



then (P c ) implies t s (R) < \ + p^) = /?(||#IU) < 7^ and 
R is bounded from above by a constant depending only on Hi^H^. 
In what follows, we assume that the pinching constant C satisfies the 
relation (JBJ). We prove the following lemma 

Lemma 3.1. The pinching condition (Pc) with C < aQlHWoa) implies 

IMI 2 2 < AC, 

where A\ is a positive constant depending only on 5 and \ \H\loo- 
Proof: Since tg is an increasing function, we have 

M\l<t]{R) [ {t 2 5 (R) ~ t 2 5 (r)) . 

Since tj(R) - tj(r) > and c 5 (r) > 1, so 

{t 2 s(R)-t 2 s (r)) < t 2 (R) [ c 2 (r)- [ s 2 (r) 

M JM JM 



< t 2 5 (R) ! c 2 5 ( 

JM 

Using the Holder inequality, we get 
/ {t 2 5 (R) - tj( r )) < tl(R) I cg(r)- 

JM JM 



r) ~ TTTTTjY" / H 2 sj(r) 
1 1x2 1 1 — J M 



loo 



1 


{Jm 


H\ 


s s (r)c 5 {r)) 2 


\\H\ 


12 

loo 





Now using the relation it) of Lemma 12.11 and applying the pinching 
condition (Pc) with C satisfying (JHJ), we find 

{t 2 s(R)-t 2 s (r)) < (t 2 6 (R) ~ jrj^-) [ cj(r) 

M V II-" I loo/ JM 

2C \ „,_. 



JULIEN ROTH 



and 



\M < s]{R)[C 



2C 



<A X C, 



where Ai depends only on n, 5 and \ \H\ 



□ 



The next Lemma gives an upper bound for \ \1pW2 under the pinching 
condition. 

Lemma 3.2. The pinching condition (Pc) with C < a{\\H\\o^) implies 

\\il)\\l<MC + M\<p\\*>, 

where A 2 depends only on 5 and A 3 depends on 5 and | |oo- 

Proof: First, we observe that \Z T \ 2 = \Z\ 2 — (Z, v) 2 . Since 
\Z\ = sgOr), we have 



2 < c]{R) 



H 



12 

1 00 



(H 2 (Z,uf) 



Using Holder inequality and Lemma f2.1l z). we get 

2" 

cs(r) 



2 < c 2 5 (R) 
= c]{R) 



sl(R) - 
s 2 s(R) - ■ 



1 



\H 
1 



12 

1 00 



Ai 



H 



12 

1 00 



c 2 s (R) 



2c 5 {R) 



\H 



12 

loo 



(Cff(r) - c s (R)) 



M 



< 



\H\\ 
2C 



H 



cs(r) - c s (R) 
+ C 2 ) 4(R) + K\c s (r) - c s (R)\ 



where K depends on 5 and Hoc,. Since tg(R) < ^(HifHoo) < -^j, we 
deduce that there exists K' > depending on n, 5 and ||#||oo so that 
\c$(R) — cs(r) I < K'\ \ip\ |oo. This completes the proof. □ 



3.2. The Euclidean and Spherical cases. Here, 5 > and if 5 > 

then we assume that (j){M) is contained in an open hemisphere {i.e. an 
open ball of radius ^j)- First, note that the pinching condition (Pc) 
with C < 1 and the fact that V(M) = 1 imply that there exist two con- 
stants a n and (3 n depending only on n so that H-H^loo > I \H\ \ 2p > ct n 
and t$(R) < (3 n . Consequently, R is bounded from above by a con- 
stant 7„. That is an immediate consequence of the Sobolev following 
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inequality due to Hoffman and Spruck (cf fX2j and 
ative fonction /, by taking / = 1 

2(w-l)/n 



for a nonneg- 



fn/(n-l) d 



M 



\H\f+\Vf\d Vl 



M 



Note that this inequality is true without further assumptions for 
5 = 0. For 5 > 0, some conditions on the sectional curvature and the 
injectivity radius i(§ n+1 (<5)) of § n+1 (<5) and on the support of the func- 
tion / are needed. The first condition, z(S n+1 (5)) > irS* 1 , is satisfied 
since for the sphere § n+1 (<5), we have i(§ n+1 (<5)) = 7r5 _1 . The second 
condition is V(supp(/)) < (1 — a)u n 5~ n , for some < a < 1 and where 
u n is the volume of the n-dimensional Euclidean ball. This condition 
is automatically satisfied if <f>(M) lies in an open hemisphere. 

In the sequel, we assume that the pinching constant satisfies C < 1. 
We have the following lemma 

Lemma 3.3. The pinching condition {Pc) with C < 1 implies 

\W\\l<A x C, 

where A x is a positive constant depending only on n and 8. 

Proof: Since s$ is an increasing function and c$ is a decreasing func- 
tion, we have 



\<P 



< s 2 s (R) f (s 2 s (R) - sj(r)) 

J M 



< s 2 s (R) 



t 2 s (R) 



M 



cs{r) - / s 2 s (r) 



M 



By the Holder inequality, we have 



2 < s 2 (R) 



t 2 s(R) 



c 5 [r - 



M 



\H\ 



1 2 

hp 



Hssir. 



M 



Now using i) of Lemma \2.\\ we get 



Mia < 4(R)( I Ci{r) 

M 



t 2 s(R) 



12 

lap 



<A X C, 



where A\ is a positive constant depending only on the dimension n 
(because R < 7 n ) and 5. □ 



The next lemma gives an upper bound for 
ing condition. 



2 under the pinch- 



Lemma 3.4. The pinching condition (Pc) with C < 1 implies 

\W\\l<A 2 C, 

where A 2 is a positive constant depending only on n and S. 
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Proof: Since \Z T \ 2 = \Z\ 2 — (Z,u) 2 , we have 



2 < cl(R) 



< c]{R) 



J M \\ n I bp \J M J 



2p 

i / r x 2 

cs(r) 

M 



\H\ 



12 
hp 



< A 2 C. 

Since R < j n , then A 2 depends only on n and 5. □ 

4. Proof of the Theorems 

Let (M n ,g) G A4(n,5,R) and p the center of the ball of radius R 
containing M. First, we need the following three lemmas 

Lemma 4.1. For any e > 0, there exists C £ depending on n, 5 and 
H-fflloo 30 that if (-PcJ { or {Pc E ) f or S >0) is true, then 

<f ) (M)cB(p ,R)\B( Po ,R-e). 

Moreover, C e — > when ||i?||oo — > +°° or £ — y 0. 

We prove this lemma in Section EJ The second lemma is due to B. 
Colbois and J.F. Grosjean (see [Sj). 

Lemma 4.2. Let x be a point of the sphere S(0,R) o/lR n+1 . As- 
sume that x = Ru where u G S n . Now let (M n ,g) be a compact, 
connected and oriented n-dimensional Riemannian manifold without 
boundary isometrically immersed by <fi into M n+1 so that 

0(M) c (b(po, R + v)\ B( Po , R-v))\ B(x , p) 

with p = A(2n — and suppose there exists a point p G M so that 
(Z,u) (p) > 0. Then there exists y G M so that the mean curvature 
H(y ) aty satisfies \H(y )\ > 

Remark. Note that in [3], it is supposed that (Z,u) > 0, but the 
condition (Z,u) > is sufficient. 

We give a corresponding lemma for the hyperbolic and spherical 
cases. 

Lemma 4.3. Let Xq be a point of the sphere S(po, R) o/H n+1 (<5) (resp. 
an open hemisphere of§> n+l (S)). Let (M n ,g) G Ai(n,S,R) so that 



<KM) C \ B(po, R) \ B(po, R-v))\ B(x , p) 
with p such that 

t s {{R + p)/2) - t s {R/2) = 4(2n - 1)77 
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(resp. t s (R/2) - t s ((R - p)/2) = A(2n - l)rj if 5 > o) 

Then there exist two constants D and E depending on n, 5 and R such 
that if T] < D, then there exists yo G M so that the mean curvature 
H(y ) satisfies 

We prove this Lemma in Section ED Now let us prove Theorems Q 
and 01 using the above three Lemmas. 

4.1. Proof of Theorems ^ and 03 For 5 = 0, the proof is an imme- 
diate consequence of Lemmas 14.11 and 14.21 and is similar to the proof 
of Theorem 1.2 in For 5 ^ 0, let e > 0. We set < r] < 



inf | 



A^g^iy}, where 



l{e) 



U( s ^)-U(fj if5<0 



**(f)-**(^) if ^ > o. 
Note that 7 is an increasing smooth function with 7(0) = 0. From 
Lemma f4. 1| there exists K £ = C v such that {PkJ implies 

R — r < i] < e. 

That's the first point of Theorems Q and El Now let's assume that 

e < 7 _1 ( 3 ||^| j ■ Suppose there exists x G S(j>q, R) such that B(x, e)d 

M = 0. Since 7(e) > 4(2n — l)rj, by Lemma l4.H[ there exists a point 
yo G M so that 

xrri \ 1 E (2n-l)E llrrll 
8nr] n^{e) 

Hence a contradiction and B(x, e) ft M 7^ 0. Moreover, by Lemma f4.1[ 
K £ — > when 1 1#| 1^ — ► or e — ► 0. □ 

From Lemma 14. 1| for any e > 0, there exists C £ depending on 
n, 5 and ||i?||oo so that if (Pc s ) is true then \R — r\ < e. Since 
a n < [ |oo < T^ll-^lloo) we can assume that C e depends on n, 5 
and ||-B||oo- 

For the proof of Theorems El and |U we need the following lemma 
(which will be proved in Section EJ) on the L°°-norm of i/j. 

Lemma 4.4. For any e > 0, there exists C £ depending on n, 5 and 
1 1 B I |oo so that if (Pc s ) { or {Pc s ) for 5 > 0)is true, then 

< e. 

Moreover, C £ — > when ||-B||oo — ► +00 or s — > 0. 
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4.2. Proof of Theorems [21 and |H Let e > such that e < t^ 1 (p^J < 

R. This choice of e implies that if (-PcJ (or (-PcJ) is true, then r(x) 
never vanishes. So we can consider the following map 

F : M — > S(p ,R(M)) 

x i — > exp po (r (dexp po ) -1 (Vr)J . 

Let X = exp po _1 (x). We can easily see that 

dexp po i (X) = |X|Vr = rVr. 

In the case of the Euclidean space (5 = 0), F(x) is precisely Rjjj^ 
where X is the position vector. 

We will prove that F is a quasi-isometry. Indeed, we will prove that 
for any 6 e]0, 1[, there exists e{6) depending on n, 6, ||-B||oo and 6 
such that for any x G M and any unit vector u € T X M, the pinching 
condition (Pc £(9) ) implies 



\d^F(u) 



< e. 



For this, we compute d x F(u) for a unit vector m e T X M. We have 
(7) dF x (w) = dexp 



Ut 



Let L(x) = 



X 
XI 



exp 



x 



r 



(8) 



dP x .(w) = ^dexp po | 1 [v 



. So we have 

dr(u) 



■ ex P w , ( x 



Using (J2j) and (jSj), we get 

-R 

(9) dP r (w) = -dexp 



dexp 



pa 



P i / 
drfw) Vr 

r 



F(i) 



i 1 2 

We now compute d^-F^u) . By Q and the fact that exp po is a radial 
isometry (see relation (J2J), we have 

dexp po 



(10) |d,F(«)r = 



d exp J , ( // 



-) ( 

Pop 



— dr(u) 



Let v = u — (u, Vr) Vr. That is, r> is the part of u normal to Vr. A 
straightforward calculation using (J2J) and (|10|) shows that 

dexp po 



fir 



Rt 



dexp p , V) 
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Finally, by 0, we have 



Idexp 



( r y 



and by (J3J) again, 



\d x F(u) 



\v 



s 2 (r) 



From now on, we consider the case 5 < 0, but the rest of the proof is 
similar to the case 5 > 0. 

Since |t>| 2 = 1 — (w, Vr) 2 > 1 — |Vr| 2 , we deduce that 



\d x F(u) 



< 



s 2 s(R) 



s 2 (r) 



+ |Vr 



s 2 s (R) 
s 2 (r) 



c 8 {r)s- s {r) 

From Lemma li!^ we know that for any rj > 0, there exists a constant 
K v so that (-Pr:,,) implies Halloo < ?7- Moreover, since C £ — > when 
£ — > 0, there exists e < r] depending on n, 5, ||-ff||oo and r\ so that 
C £ < K v , and then (Pc e ) implies Halloo < V- On the other hand, we 
have seen that R is bounded by a constant depending only on n, 8 and 
1 1^1 loo, then there exist three constants At, A 5 and A & depending on 
n, 5 and ||-ff||oo so that 



\d x F{u)\ -1 < A 4 \\R 



+ A t 



< Ai€ + A 5 rj < AqT] 



Now, choosing r\ = we get 



'12) 



\d x F{u) 



< 9. 



For 9 e]0, 1[, by (fT2|) . F is a local diffeomorphism from M to S^Po, -R)- 
Since for n > 2, S^po, -R) is simply connected, F is a diffeomorphism. 
Moreover, the relation (fT2"|) says that F is a quasi-isometry. □ 



5. Proof of the technical lemmas 

The proof of Lemmas 14.11 and 14.41 is based on the following Proposi- 
tion given by a Nirenberg-Moser's type argument. 

Proposition 5.1. Let (M n ,g) be a compact, connected, oriented n- 
dimensional Riemannian manifold without boundary isometrically im- 
mersed by cf) into R n+1 , HP +1 (5) or an open hemisphere o/S n+1 (<5). Let 
£ be a nonnegative continuous function on M such that £ fc is smooth 
for k > 2. Let < / < m < 2 such that 
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where u is a 1-form and a.\, a 2 , Pi, P 2 some nonnegative constants. 
Then for all rj > 0, there exists a constant L depending only on a 1; ol%, 
Pi, Pi, I \H\ loo and r\ such that if | |£| ^ > rj then 

Halloo <L\\£\\2. 

Moreover, L is bounded when t] — > oo and if Pi > , L — ► oo when 
1 [oo — ► oo or r] — ► 0. 

This Proposition is proved in [3] in the Euclidean case. The proof 
in the hyperbolic and spherical cases is analogous, using the Sobolev 
inequality for hypersurfaces of M. n+1 (S). Note that in the spherical case, 
M is assumed to be contained in an open ball of § n+1 (<5) of radius less 
than ^= as said in Section E21 (see [12] and [13] for details). 

Proof of Lemma 14. 1L We give the proof in the case 5 < 0. For the 
case 5 > the same computations with ip give the result. First, we 
compute Lp 2k ~ 2 Ap 2 . 

^- 2 A<f 2 = 2^ 2fc - 1 A^-2|V^|V 2fc " 2 

= -4t 5 (r)(l + 5t 2 (r))^ 2fc - 1 Ar - 2\Vp\ 2 <p 2k ~ 2 

(13) +4^ 2fc ~ 1 |Vr| 2 (l + 35t 2 {r) + 25 2 ^(r)) 

Let's compute 

(14) {l + 6t 2 s )t s( p 2k - l Ar = -div (^"^(l + 5t 2 )Vr) 

+ (Vr,V(^ 2fe -H a (l + ^))>. 

Since < tg(r) < tg(R) < ^7= and |Vr| < 1, we deduce from the 
relations ((TBI and ()14)) that 

(15) v 2k - 2 A<p 2 < div H + (ai + ka 2 )p 2k ~ l + {p 1 + kp 2 )p 2k ~ 2 , 

where uo is a 1-form, aci, a 2 , Pi and p 2 some nonnegative constants. We 
can apply Proposition 15 . II to the function ip with / = 1 and m = 2. We 
deduce that if ||<^||oo > £ then there exists a constant L such that 

IMloo < ^IMh- 

On the other hand, by Lemma we know that if the pinching con- 
dition (Pc) is satisfied for C < a(\ \H \ \ tx ), then 

\W\\l < A i c - 

Take C = C £ = inf |a(||f/"||oo), This choice implies 

II^IU < £, 

that is, t 2 (R) - t 2 s (r) < e. Finally, we can choose C £ smaller in order 
to have R — r < e. □ 
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Proof of Lemma 14. 4L We recall that ^ = c$(r)\Z T \ where Z T 
s^(r)Vr. Note that 

(16) V\Z\ 2 = 2c s (r)Z T . 

By using th Bochner formula, we the deduce that 

v\z\ 2 2 

;v*vd|z| 2 ,d|z| 2 ) - vd|z| 2 2 



l -A 

2 



= (Ad\Z\ 2 ,d\Z\ 2 ) -Ric(d\Z\ 2 ,d\Z\ 2 ) 
< (Ad|Z| 2 ,d|Z| 2 ) -Ric(d|Z| 2 ,d|Z| 2 ) 



VdlZl 



Now, with the Gauss formula, we can express the Ricci curvature in 
terms of the second fondamental form B. Precisely, we have 

^A^ 2 < (Ad|Z| 2 ,d|Z| 2 ) -nH (BV\Z\ 2 ,V\Z\ 2 ) 



+ 



BV\Z\' 



45 



V\Z\< 



< <Ad |Z| 2 , d \Z\ 2 ) - AnHc 2 (r) (BZ T , Z T ) 
+Ac 2 s (r)\BZ T \ 2 - A(n - l)c 2 s (r)8\Z T \ 2 

Since \Z T \ < s$(R), we easily see that the pinching condition (P c ) 
with C < 1 for 5 > or C < adlHW^) for 5 < 0, implies 



where K\ is a positive constant depending only on n, 6 and ||-B||oo- It 
follows that 



i (A^ 2 ) ij 2k - 2 < (Ad \Z\ 2 , d \Z\ 2 ) i, 2k ~ 2 + K 2 ij 2k ~ 2 . 

Let uj = A\Z\ 2 i) 2k ~ 2 d\Z\ 2 . We have 
(Ad|Z| 2 ,d|Z| 2 )^ 2fc - 2 = div(cu) + (A|Z| 2 )V fc - 1 

-2(2k-2)c s (r)A\Z\ 2 (Z T J d^)tlj 2k - 3 , 
Moreover, a straightforward calculation using the facts that 



e i(\ Z I) — n 



le 4 (|Z 



2 ' 



and \Z \ = s 2 (r) — (Z, v) gives 



ei(^) = c s (r) 



5c 5 {r)ss(r)ei(r) - (Z, v) [B^ (Z, ej) + (V e ,Z, v)) 



\Z T \ 



-8s s (r)\Z |ej(r 
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All the terms can be bounded easily except (X7 Ct Z, v) which will be 
investigated. Since Z = ss(r)Vr, this is equivalent to have an upper 
bound for ( V ei Vr, v). From (JH) and (jHJ), we deduce that 

|<V ei Vr,,)| = ^<e<y>, 
1 1 s 5 {r) 

where e\ and v l are the part of ej and v tangent to the geodesic sphere 
of radius r, that is, orthogonal to Vr. Since 

.t|2 i /.. W»,\ 2 IV7-I2 



W = 1 — ( V. 



, Vr) = | Vr | 



we have 

I /\7 _ X7r ;/\ I < 

s s (r) 



<V e! Vr,z/>| <44|Vr| 



Then 

(Ad\Z\ 2 ,d\Z\ 2 )^j 2k - 2 < divH + (A|Z| 2 )V fc " 1 



+2(2k-2) 



|2 



A\Z\ 



llfilloo^- 2 



where, -K3 depends on n, 5 and 1 1^| |oo. Moreover, A|Z| 2 = -2div (c 5 {r)Z T ) 
and by Lemma [2~T1 i). we deduce that there exists a constant K 4 de- 
pending on n, 5 and ||-ff||oc suc h that 

A\Z\ 2 < K 4 . 

Finally, we have 

^ 2fc " 2 A^ 2 < div (u) + (a 3 + ka A )ip 2k - 1 + (ft + k^ 2k - 2 

with some nonnegative constants a^^a^j, and ft depending on n, 5 
and H-Blloo. Now applying Proposition 15.11 with I = 1 and m = 2, we 
get that for r\ > 0, there exists L depending on n, 5, ||-B||oo and r\ so 
that if Halloo > V then 

IMIoo<£|M| 2 . 

From Lemma f3. 21 we deduce that if {Pc) holds with C < 1 for 5 > or 

C < a(||#||oo) for 5 < 0, then 

< A 2 C + Aall^Hoo- 



_2 



Let e > 0, and put iT e := inf < ^ A , C E 2 > where C is the constant 
defined in the proof of the Lemma f4.ll Then, if (Pk s ) holds, we have 

o <L\\ij\\ 2 <£. 

□ 
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Proof of Lemma 14. 3L We give the proof in the hyperbolic case, 5 = 
— 1. The proof for any 5 < or for the spherical case is similar. 

Let us consider / the conformal map from the unit ball -8(0, 1) of 
W n+1 into HP +1 so that /(0) = po- The conformal factor is the function 
h 2 where h is defined by 

h : [0,1[ — ► R + 

9 

r I— 



For any p > 0, B(p ,p) = f (b(0,p)\ where B(0,p) C 5(0,1) is 
the ball of radius a(p) :—p — tg(p/2)- Let (f> = f" 1 o</>. By hypothesis, 



0(M) c (B(po, i2 + 7?) \ S(po, J2-»d)\ S(x 0> p), 
with x G 5'(po, -R) and p chosen so that 

a(R + p)-a(R) = 4(2n - 1)77, 

then 

0(M) c (S(po,o(i2 + ^)) \ B( Po ,a(R -77O)) \ 5(z ,p'), 
where z§ = \ [a(R + p) + a(i? — p)] u, with u a unit vector and 
p'=l[a(R + p)-a(R-p)}. 

Obviously we have 

B(0,a(R + r})) \ B(0,a(R-rj)) C B(0, a(R) + 77) \ B(0, a(R) - rj). 
Moreover, by concavity of the function a, we have 
a{R + p) + a{R - p) < 2a(R), 

and then 

B(z ,p')DB(x ,p"), 
where aT = a(R)u and p" = a(R + p) — a(R). Finally, we have 

4>{M) C \B(0,a(R)+ri) \ B(0, a(R) - rj) ] \ B(x , A{2n - 1)77). 
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Since a(R) is the extrinsic radius of <f>(M), there exists a point p G 4>{M) 
so that (z,uj (p) > 0, where Z is the position vector of 4>{M) in 

5(0,1). By Lemma 14.2} there exists yo G 0(M) so that the mean 
curvature H satisfies \H(y )\ > Moreover, we have the well-known 
formula for the conformal mean curvature (see for example [S]) 



v 



where V and v are the gradient and the normal unit vector field in 
.8(0, 1), and (., .) is the Euclidean scalar product in B(0, 1). Therefore, 

\H\ > hr\f) (5 - h-\r)\Vh\j , 

where r(x) is the Euclidean distance from to x. So we have 

(17) j > A-'(r) = — > 
and 

4 4 

(18) \Vh \ = n fVf < 



;i-f 2 )' ~ (l-a(i?) ; 
Finally, by jnj) and ([T%jl . we get 

5 1 



^(r x M)i > 



4nr? AE 2 ' 
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where E = 1 a ^ is a constant depending on n, 5 and R. Moreover, 
there exists a constant D depending on n, 5 and R so that if rj < D, 
then ^ < and so 

WG/o))|> " 



8nr] 

□ 

Remark. If we suppose (Pc) with C < a(||i?||oo) for 5 < (resp. 
with C < 1 for 5 > 0) then D and depend on n, 5 and ||i?||oo (res|?. 
on n and 5). 

Remark. For 5 > 0, the function a is convex and so p" = a(R) — 
a(R — p). 



References 

[I] E. Aubry, Varietes de courbure de Ricci prcsquc minoree: inegalites 
geometriques optimales et stabilite des varietes extremales, Ph.D. Thesis, Uni- 
versite Joseph Fourier, Grenoble, 2003. 

[2] C. Baikoussis and T. Koufogiorgos, The Diameter of an immersed Riemannian 
manifold with bounded mean curvature, J. Austral. Soc. (Scries A) 31 (1981) 
189-192. 

[3] B. Colbois and J.F. Grosjean, A pinching theorem for the first eigenvalue of 
the Laplacian on hypersurfaces of the Euclidean space, to appear in Comment. 
Math. Helv. 

[4] T.H. Colding, Large manifolds with positive Ricci curvature, Invent. Math. 124 
(1996) 175-191. 

[5] T.H. Colding, Shape of manifolds with positive Ricci curvature, Invent. Math. 
124 (1996) 193-175. 

[6] C.B. Croke, An eigenvalue pinching theorem, Invent. Math. 68 (1982) 253-256. 
[7] J.H. Eschenburg, Diameter, volume and topology for positive Ricci curvature, 

J. Diff. Gcom. 33 (1991) 743-747. 
[8] J.F. Escobar, Conformal deformation of a Riemannian metric to a scalar flat 

metric with constant mean curvature on the boundary, Ann. of Math. 136 (1992) 

1-50. 

[9] J.F. Grosjean, Extrinsic upper bounds for the first eigenvalue of elliptic opera- 
tors, Hokkaido Math. J. 33 (2004) (2) 219-239. 

[10] T. Hasanis and D. Koutroufiotis, Immersions of bounded mean curvature, Arc. 
Math. 33 (1979) 170-171. 

[II] E. Hcintze, Extrinsic upper bounds for Ai, Math. Ann. 280 (1988) 389-403. 
[12] D. Hoffman and J. Spruck, Sobolev and isoperimetric inequalities for Riemann- 
ian submanifolds, Erratum, Comm. Pure, and Appl. Math. 27 (1974) 715-727. 

[13] D. Hoffman and J. Spruck, Sobolev and isoperimetric inequalities for Riemann- 
ian submanifolds, Comm. Pure, and Appl. Math. 28 (1975) 765-766. 

[14] C.C. Hsiung, Some integral formulae for closed hypersurfaces, Math. Scand. 2 
(1954) 286-294. 

[15] S.Ilias, Un nouveau resultat dc pinccment de la premiere valeur propre du 
Laplacien et conjecture du diametre pince, Ann. Inst. Fourier 43 (1993) (3) 
843-863. 

[16] P. Petersen, On eigenvalue pinching in positive Ricci curvature, Invent. Math. 
138 (1999) 1-21. 



20 



JULIEN ROTH 



[17] P. Petersen and C. Sprouse, Integral curvature bounds, distance estimates and 

applications, J. Diff. Gcom. 50 (1998) 269-298. 
[18] T. Sakai, Riemannian Geometry, in: Transl. Math. Monographs, vol 149, 

Amcr. Math. Soc, 1996. 
[19] J.Y. Wu, A diameter pinching sphere theorem for positive Ricci curvature, 

Proc. Amer. Math. Soc. 107 (1989) (3) 797-802. 



